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Let {Pn(x)} be an orthogonal polynomial sequence with respect to a distribution d (x) over
[0;∞). The corresponding kernel polynomials Kn(x) are the polynomials orthogonal with respect to
x d (x). If the corresponding recurrence relation is
Kn(x) = (x − dn)Kn−1(x)− nKn−2(x); (1)
(with the usual conditions), then the sequence 	 given by
	n = n+1=(dndn+1); n¿1 (2)
is a chain sequence which does not determine its parameters uniquely. Corresponding to each nonmin-
imal parameter sequence h= {hn} (h0 = 0), we have the orthogonal polynomials Phn(x) determined
by the recurrence formula
Phn(x) = (x − chn)Phn−1(x)− hnPhn−2(x); (3)
where the recurrence coe/cients are given by
c1 = h0d1; chn+1 = (1− hn−1)dn + hndn+1; hn+1 = (1− hn−1)hn−1(dhn)2: (4)
The latter polynomials have the property that the Kn(x) are their kernel polynomials so we will call
them “shell polynomials” corresponding to the Kn(x). When h=M={Mn} is the maximal parameter
sequence, the shell polynomials PMn (x) are orthogonal with respect to a distribution d 
M (x) where
 M is the solution of a determined Hamburger moment problem and is continuous at the origin. We
can assume  M (x) = 0 for x60. For h = M , the corresponding shell polynomials are orthogonal
with respect to d h(x) given by
 h(x) = 0 for x60;  h(x) =  M (x) +
M0 − h0
h0
 M (∞) for x¿ 0:
In other words, d h is obtained from d M by adding mass at the origin. Further,  h is the solution
of a determined Stieltjes moment problem if and only if x d (x) corresponds to a determined Stieltjes
moment problem. For the above, see [1].
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Now specialize by taking Pn(x) = Sn(x;p; q), the generalized Stieltjes–Wigert polynomials, which
correspond to an indeterminate Stieltjes moment problem (notation as in [2]). Then the corresponding
monic kernel polynomials are
Kn(x) = q−nSn(qx;pq; q):
If we specialize further by taking p= q, the coe/cients in (1) become especially simple:
dn = (1 + q)(1− qn)q−2n−1=2; n+1 = (1− qn)(1− qn+1)q−4n−2:
The chain sequence (2) becomes a constant sequence whose maximal parameter sequence is also
constant:
	n =
q
(1 + q)2
; Mn =
1
1 + q
:
The formulas (4) then yield the coe/cients in (3) for the shell polynomials PMn (x):
cMn = [1 + q
3 − (1 + q2)qn]q−2n−1=2; Mn+1 = (1− qn)q−4n; n¿1: (5)
It can be veriGed independently from these coe/cients that the Hamburger moment problem is
indeed determined [3, Corollary to Theorem 2].
Since the corresponding J -fraction is thus “known”, there might be a chance of determining
the equivalent function and hence the measure. Find this measure which has the property that the
Hamburger moment problem is determined but if mass is added at the origin, the Stieltjes moment
problem becomes indeterminate.
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